Abstract. We state a qualitative form of strong multiplicity one for GL 1 . We derive refinements of strong multiplicity one for automorphic representations arising from Eisenstein series associated to a Borel subgroup on GL(n), and for the cuspidal representations on GL(n) induced from idele class characters of cyclic extensions of prime degree. These results are in accordance with a conjecture of D. Ramakrishnan. We also show that Ramakrishnan's conjecture follows from a weak form of Ramanujan's conjecture. We state a conjecture concerning the structural aspects of refinements of strong multiplicity one for a pair of general automorphic representations.
Introduction
Let K be a global field, and let A K denote the ring of adeles of K. Suppose π 1 and π 2 are automorphic representations of GL n (A K ). Define
where M K denotes the set of places of K, and π 1,v (resp. π 2,v ) denotes the local components of π 1 (resp. π 2 ) at the place v of K. The question of strong multiplicity one is the following:
Under what hypothesis on SM (π 1 , π 2 ) can one conclude π 1 π 2 ? If the complement of SM (π 1 , π 2 ) is finite and π 1 , π 2 are unitary cuspidal automorphic representations, then it is known by the strong multiplicity one theorem of Jacquet, Piatetski-Shapiro and Shalika [JS] , [JPSh] , that π 1 π 2 . In view of the applications of strong multiplicity one results to base change, and other functorial questions concerning automorphic representations, we consider in this paper refinements and the structural aspects of strong multiplicity one. By the structural aspect, we mean the relationship between π 1 and π 2 , assuming that the complement of SM (π 1 , π 2 ) in M K is of positive density.
In [DR2, page 442] D. Ramakrishnan considered the case when the complement in M K of SM (π 1 , π 2 ) is no longer finite, and made the following conjecture:
Conjecture 1 (D. Ramakrishnan) . Let π 1 , π 2 be unitary cuspidal automorphic representations of GL n (A K ). Let T be a set of places of K of Dirichlet density strictly less than 1/2n
2 . Suppose that for v ∈ T, π 1,v π 2,v . Then π 1 π 2 .
C. S. RAJAN
In [DR1] , D. Ramakrishnan showed that the conjecture is true when n = 2. In [R2] the analogous conjecture for l-adic representations was established. In this paper, we present some more evidence towards this conjecture when n > 2. We show that if π 1 and π 2 are automorphically induced representations of GL n (A K ) from idele class characters, or if they arise from the construction of Eisenstein series corresponding to the Borel in GL n , then the conjecture is true.
We first state a qualitative form of the strong multiplicity one theorem for GL 1 . The theorem for GL n follows from applying the qualitative strong multiplicity one result for GL 1 , and reducing to the case when the characters involved are Dirichlet characters, which can then be reduced to a question on finite groups. We also show that Ramakrishnan's conjecture follows from knowing the Ramanujan conjecture, and this presents another proof of our main theorem.
GL(1)
We recall the notion of upper density. The upper density ud(P ) of a set P of primes of K is defined to be the ratio
where N v, the norm of v, is the cardinality of the finite set O K /p v , O K is the ring of integers of K, and p v is the prime ideal of O K corresponding to the finite place v of K. A set P of primes is said to have a density d(P ), if the limit exists as x → ∞ of the ratio #{v
where θ P (s) extends to a holomorphic function for Re(s) ≥ 1. It is known that if a set of primes has Dirichlet density D(P ), then it has density d(P ) = D(P) in the above sense. By a Dirichlet character we mean an idele class character of finite order. We now state a theorem, which can be considered as a qualitative form of the strong multiplicity one theorem for GL(1), and is essentially due to Hecke. 
2 . Suppose θ is a unitary idele class character, which is surjective restricted to the set J 0 K of idele classes of norm 1. It is shown in [L, Chapter VIII] that the set of values of θ v (π v ), where v runs over the set of primes where θ is unramified, is uniformly distributed on the circle. This result is essentially due to Hecke. Together with the following lemma, this shows that θ is of finite order, and hence the theorem follows. Remark. There does not seem to be any reference to the above strong multiplicity one result in the literature. In [Li] , the theorem is used in the form, that if the set of primes of K, where the local component of θ is principal, is of positive density, then θ is of finite order. The above theorem also implies Ramakrishnan's conjecture is true for n = 1, that if the local components of θ 1 and θ 2 agree on a set of primes of density > 1/2, then θ 1 = θ 2 . We would like to point out that the corollary says more than Ramakrishnan's conjecture for GL 1 , and can be considered as a qualitative form of strong multiplicity one for GL 1 . Thus if the local components of two idele class characters coincide on a set of places of K of positive upper density, then the set of finite primes where they coincide has a well defined density and is precisely the set of finite primes which decompose completely in some cyclic extension of K. It would be interesting to know the arithmetical structure of the set of places where the local components of two automorphic representations coincide. For example, providing an arithmetical characterisation to the set of primes v, for which θ v = 1, for any idele class character, or more generally to the sets of primes occurring in the Lang-Trotter conjectures, would provide a partial answer to the problem of finding a Galois theoretical interpretation for C K .
The strong multiplicity one result for GL 1 follows also from the finiteness of class numbers if we assume only that the archimedean components of θ 1 and θ 2 coincide. When the grossencharacter is algebraic of type A 0 in the sense of Weil, it is possible to give a direct proof, which confirms our theorem. A proof of the following proposition can be found in [Ha, page 95] , and we include the proof of this 'folklore' result for the sake of exposition. We would like to thank D. Prasad for pointing out the following proposition.
Proposition 3. Let K be a Galois extension of Q, and let w be an unramified prime of degree 1 over Q. Suppose θ is an algebraic character of type A 0 , and θ w = 1. Then θ is of finite order.
Proof. A character θ is said to be of type A 0 if θ restricted to the archimedean components λ∈M∞ K * λ is of the form
for some integers r λ and s λ , and where λ runs over the collection of archimedean
* is a finite subgroup of C * . By considering a suitable power of θ, we can assume that θ is unramified at all finite primes of K. From the finiteness of class number, we can find an element α w of K * , which generates p m w ⊂ O K for some integer m > 0. α w is necessarily a unit at all finite primes w = w of K. Since θ is unramified at all the finite primes and θ w = 1, it follows from the properties of α w that θ((α w λ ) λ∈M∞ ) = 1. Since w is unramified of degree 1 over Q * , the conjugates of α w are multiplicatively independent. Hence we have from the equality that λ∈M∞ α r λ w λᾱ s λ w λ = 1, that r λ = s λ = 0 for all archimedean places λ, and so the character is trivial on the archimedean places. By the finiteness of class number of K, it follows that θ is of finite order.
Remark. It can be observed that the proof indicates by the classical Siegel-Walfisz theorem that for a character of type A 0 , the following is to be expected:
for some positive constant c. In fact a result of the above type can be established for any Hecke character of infinite order [R1] .
GL(n)
We will now examine some of the consequences of the multiplicity one theorem for GL 1 , towards strong multiplicity one results for certain classes of automorphic representations on GL n . For these we recall some results concerning the structure of automorphic representations on G = GL n ( [La2] ).
Let B denote the Borel subgroup of GL n consisting of upper triangular matrices, let U denote the unipotent subgroup of B consisting of upper triangular matrices with the diagonal entries being 1, and let T GL n 1 denote the subgroup of B consisting of diagonal matrices. Let W := N (T )/Z(T ) denote the Weyl group of GL n . By a parabolic subgroup P we will always mean a standard parabolic subgroup with Levi decomposition
Let σ be an irreducible cuspidal automorphic representation of M (A K ). It is known by the theory of Eisenstein series ([La1] , [La2] ), that any irreducible automorphic representation π of GL n (A K ) is an irreducible subquotient of I P (σ) := Ind
, where σ is considered as a representation of P (A K ) by extending it trivially on the subgroup U (A K ), and the induction denotes unitary induction. Further if π is an irreducible subquotient of two such induced representations I P1 (σ 1 ) and I P2 (σ 2 ), then it is known that there is an element w ∈ W , such that M w 1 = M 2 and σ w −1 1 σ 2 . In this case we will call such data (P 1 , σ 1 ) and (P 2 , σ 2 ) associate data, and the corresponding parabolic subgroups P 1 and P 2 associate parabolic subgroups. Given a class of associate parabolic subgroups P ∈ P, let A P denote the collection of irreducible automorphic representations of GL n (A K ) which occur as an irreducible subquotient of I P (σ), for some P ∈ P and σ an irreducible cuspidal automorphic representation of M (A K ). Thus the collection of irreducible automorphic representations of GL n (A K ) can be written as a disjoint union of A P , indexed by the equivalence classes of associate parabolics.
Specialising to the case when the associate class consists of only the Borel subgroup B, we see that an element of A B is an irreducible subquotient of the representation I P (χ), where
n and where χ i , i = 1, · · · , n, are idele class characters of K.
Example. The characters χ which contribute to the residual discrete spectrum of GL n (A K ) are known by the theorem of Moeglin and Waldspurger ( [MoW] ). Let ξ, χ 0 be idele class characters of K with χ n 0 = ξ. Let χ be the character Suppose π is an irreducible automorphic representation of GL n (A K ). Then π can be written as a restricted tensor product π = ' ⊗ 'π v , of irreducible representations of the local groups GL n (K v ), where for all but finitely many primes v of K, π v is an unramified representation of GL n (K v ). Let π be an irreducible subquotient of I P (σ). For almost all primes v of K, π v is the unique irreducible subquotient of Ind La2] ), where O v denotes the ring of integers of the local field K v . These representations are the spherical principal series indexed by the unramified characters of T (K v ). It is known by the theory of spherical principal series ( [Ca] ) that given an unramified character 
Let L be a cyclic extension of K of degree a prime number r. Let σ be the non-trivial element of the Galois group of L over K. Corresponding to an idele class character θ on L, which is not fixed by σ, Kazhdan has constructed an irreducible, cuspidal automorphic representations
). For r = 2, these representations were constructed by Labesse and Langlands. These cuspidal representions have the property that under the base change morphism
Let C K denote the collection of irreducible, automorphic representations on GL r (A K ), which are either of the type constructed by Kazhdan or belong to A B . We obtain then a strong form of multiplicity one theorem for these representations. We start with a lemma on finite groups, which implies in particular that Ramakrishnan's conjecture is true for Artin type representations of Galois groups into GL(n, C). Although this lemma is well known, and was one of the principal motivations for Ramakrishnan's conjecture, we include this for the sake of exposition.
Lemma 4. Let G be a finite group and let ρ 1 , ρ 2 be inequivalent representations of G into GL(n, C). Then
If morever, ρ 1 and ρ 2 are sums of one dimensional characters, then
Let Ψ = {g ∈ G | T r(ρ 1 (g)) = T r(ρ 2 (g))}. Since these are representations of finite groups, the character value at an element g in G is a sum of n roots of unity. Hence
Hence |Ψ| ≤ (1 − 1/2n 2 )|G|.
In the second case, we have from the orthogonality relations that
Arguing as above then yields the result. Proof. Let π 1 (resp. π 2 ) be an irreducible constituent of Ind
Theorem 5. i) Let
. At an unramified prime v for π 1 and π 2 , the local components of π 1 (resp. π 2 ) are the spherical principal series
. By the characterisation of spherical principal series ( [Ca] ), we have that {µ 1,v , · · · , µ n,v } = {ν 1,v , · · · , ν n,v }, at a set of places of K of positive upper density. In fact by Theorem 1 and our hypothesis, the set of unramified places v where
Let us define two idele class characters to be equivalent if they are twists of each other by a Dirichlet character. Let us also assume that the two sets of characters are not identical. After a possible rearrangement let ν 1 , · · · , ν k be the subset of characters of {ν 1 , · · · , ν n } which are equivalent to µ 1 . Under the hypothesis of the theorem, Theorem 1 implies that we have, up to a rearrangement, ν 1 = χ 1 µ 1 , · · · , ν n = χ n µ n , for some Dirichlet characters χ i , i = 1, · · · , n, on K. It follows that the characters µ 1 , · · · , µ k , ν 1 , · · · , ν k are precisely the characters which are equivalent to µ 1 . Thus we have decomposed the characters into two sets of characters {µ 1 , · · · , µ k , ν 1 , · · · , ν k } and {µ k+1 , · · · , µ n , ν k+1 , · · · , ν n }, with the property that any two characters in the first decomposition are equivalent to each other, and no character from the first decomposition is equivalent to any of the characters from the second decomposition. By appealing to Theorem 1, we see that the density of places at which the local components of {µ 1 , · · · , µ n } and {ν 1 , · · · , ν n } coincide is less than the upper density of places at which the local components of {µ 1 , · · · , µ k } and {ν 1 , · · · , ν k } coincide. Thus we have reduced to the case when all the characters that we consider are equivalent to one another. Cancelling µ 1 from both sides, we have reduced to the case where we have to bound the density of primes v, at which {η 1,v · · · , η n,v } = {χ 1,v , · · · , χ n,v } are equal, and where η i , χ j (1 ≤ i, j ≤ n) are now arbitrary Dirichlet characters on K.
By class field theory, we can assume that the characters χ i , η i , 1 ≤ i ≤ n, are characters of some finite Galois group G over K. We can consider the representa-
The equality of the local components at a place v implies in particular the equality of the traces of χ and η at v, i.e., T r(χ(σ v )) = T r(η(σ v )), where σ v is the Frobenius at v. The first part of the theorem then follows from the above lemma.
To prove the second half of the theorem, we use the base change map BC L/K ( [AC] ), from automorphic representations of GL r (A K ) to automorphic representations of GL r (A L ). Let δ be the density of the set S L of places of L, where the local components of BC L/K (π 1 ) and BC L/K (π 2 ) coincide. Then the density of primes of K, which split completely in L and for which the local components of π 1 and π 2 coincide, is δ/ [L : K] . Since the representations π 1 and π 2 belong to C K , it follows that BC L/K (π 1 ) and BC L/K (π 2 ) are in A B , corresponding to GL(n) over the field L. From the first part of the theorem, we obtain that δ ≤ 1 − 1/2r. Hence it follows that the set S K of places v of K, at which π 1,v π 2,v , consists of at most the places of K which are inert in L, together with those places of K which split completely in L and belong to S L . Hence the density of S K is at most (1 − 1/r) + 1/r(1 − 1/2r) = 1 − 1/2r 2 . The last statement about GL(2) follows from the characterisation of non-cuspidal representations of GL (2) given by Theorem 10 of ( [JL] ).
Remark. This theorem should be compared with the refinement of the strong multiplicity one theorem by D. Ramakrishnan ([DR1] ), which states that if the local components of two irreducible, unitary, cuspidal automorphic representations on GL 2 agree on a set of primes of density at least 7/8, then the representations coincide.
In analogy with GL 1 and motivated by the analogous results established in [R2] for l-adic representations, we conjecture the following, which clarifies the structural aspects of strong multiplicity one, and is stronger than Conjecture 1. We refer to [La3, page 210] for the following notions. Let H be a reductive group over K. Let L denote the conjectural Langlands group possessing the property that to an 'admissible' homomorphism φ of L into the Langlands dual L H of H, there is 'associated' a finite equivalence class of automorphic representations of H(A K ) and conversely. This association is such that at all but finitely many places v of K, the local parameter φ v , which can be considered as a representation of the local DeligneWeil group W (K v ) into L H, should correspond via the conjectural local Langlands correspondence to the local component π v of π, where π is an element of this class. For almost all places v of K, π v will be an unramified spherical representation of H(K v ), and there is a well defined Frobenius conjugacy class φ v (F v ) inside GL n (C). Denote by a v (π) the trace of this conjugacy class at such a prime v. Suppose π is an isobaric automorphic representation of GL n (A K ) such that the local components π v are tempered. The image H(π) := φ π (L) will be a reductive subgroup of GL n (C). Consider now two irreducible automorphic representations π 1 and π 2 of GL n (A K ), such that the local components are tempered. Let
where S is a finite set of places containing the ramified places of π 1 and π 2 . In analogy with the results of [R2] , we can make the following conjecture: 
In particular for GL 2 , the above conjecture says the following: suppose π 1 is a cuspidal non-dihedral automorphic representation and π 2 is not a cuspidal nondihedral automorphic representation of GL 2 (A K ). Then SM T (π 1 , π 2 ) is of density zero. Morever suppose π 1 , π 2 are irreducible, cuspidal, non-dihedral representations of GL 2 (A K ) such that the local components of π 1 and π 2 coincide for a positive density of places of K. Then there exists a Dirichlet character χ of K, such that π 2 π 1 ⊗ χ.
The proof of Theorem 5 can be modified to give a proof that the above conjecture implies Ramakrishnan's conjecture.
Remark. Note that in Theorem 5 what we actually give is an upper bound for SM T (π 1 , π 2 ), where π 1 and π 2 are distinct automorphic representations belonging to A B . However one can ask the question for an upper bound for SM (π 1 , π 2 ), i.e., the equality of the local components up to isomorphism. Now
is equivalent to equality of the sets of characters
In this regard we make the following curious combinatorial conjecture, which we can prove when all the characters involved are quadratic characters, which is the extreme case. Note that the jumps in density occur at powers of 2.
If the local components of π 1 and π 2 agree on a set of primes of density strictly greater than δ(n) :
In this revised version we give a brief outline, skipping some of the details, of a different proof of Theorem 5, which mimics the proof of Lemma 4, given for finite groups. This result was independently observed by D. Ramakrishnan. Let us say that an automorphic representation π of GL n (A K ) satisfies the weak Ramanujan conjecture [DR3] , if for v ∈ S, we have Weak Ramanujan conjecture: |a v (π)| ≤ n ∀v ∈ S.
Note that if π is a unitary representation belonging to A B , then π satisfies the weak Ramanujan conjecture. Proof. Letπ denote the contragredient representation of π, and for two automorphic representations π and η, let L(s, π × η) denote the Rankin-Selberg L-function. Let S be a finite set of places containing the ramified places of π 1 and π 2 . Consider the following Dirichlet series:
It follows from properties of Rankin-Selberg convolutions proved by Jacquet, Piatetski-Shapiro, Shalika and Shahidi [JPSh] , [Sh] that L(s) has a pole of order 2 at s = 1, under the assumption that π 1 and π 2 are distinct. In fact, one has the following:
Writing L(s) in terms of the Euler product expansion, using the estimate on the eigenvalues given by Luo, Rudnick and Sarnak [LRS] , and standard analytic number theory estimates, it can be checked that
Let T be a set of places v with Dirchlet density D(T ) containing S, such that for v ∈ T , a v (π 1 ) = a v (π 2 ). By the hypothesis of our theorem that π 1 and π 2 satisfy the weak Ramanujan conjecture, it follows that
By definition of the Dirichlet density for a set of primes, we have
2 log(s − 1) = 1 2n 2 , and that provides a proof of the theorem.
Remark. The same proof can be modified to prove part (i) of Theorem 5.
